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A mathematical model has been formulated to describe
biomass growth [𝑥(𝑡)], pH variation [𝑦(𝑡)] and lactic
acid production [𝑧(𝑡)] by a strain of BAL during batch
fermentation of fresh milk. This variables are measured
to evaluate the quality of products made with
fermented milk [1].

According to literature, some biological assumptions
were considered for the model formulation [2], [3]:

- Cells populations do not grow exponentially.
- They must have biological feasible limits and are
described by non-negative numbers.

The system was formulated with a modeling
software called Eureqa and it is based on the
following growth laws [4]:
- Logistic growth law

Localizing function

ℎ1 = 𝑥
ℎ2 = 𝑦
ℎ3 = 𝑧

Localizing set

𝐾𝑥 = 0 ≤ 𝑥 𝑡 ≤ 𝑥𝑠𝑢𝑝

𝛼
=
𝛽

𝐾𝑦 = 0 ≤ 𝑦 𝑡 ≤ 𝑦𝑠𝑢𝑝

𝛿
=
𝜗

𝐾𝑧 = 0 ≤ 𝑧 𝑡 ≤ 𝑧𝑠𝑢𝑝

𝜎
=
𝜑

Localizing domain. All compact invariant sets of the system (1)-(3)
are located inside or at the boundaries of the domain:

𝐾𝑥𝑦𝑧 = 𝐾𝑥 ∩ 𝐾𝑦 ∩ 𝐾𝑧 .
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A numerical simulation was made to illustrate the dynamics of the system.
Simulation of biomass 𝑥 𝑡 described four growth phases cited in literature
[2], which are shown below.
When the biomass grew, lactic acid was
1. Lag phase
produced, and it caused the pH in the culture
2. Exponential growth
medium to decrease. Further, the death phase
3. Stationary state
coincided with the stabilization of pH and lactic
4. Death phase
acid concentration.
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- Law of action mass

- Biomass tends to zero at large time if and only if the
medium is not contaminated and the temperature is
constant.

Upper and lower bounds for our system were calculated by
applying the localization of compact invariant sets method [6]. Our
results are given as follows:

The mathematical model is as follows:

The global dynamics of our system is
located in the nonnegative octant [5].
This implies that solutions of the
system will be positive forward
invariant for any nonnegative initial
conditions. The domain is as follows:
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Parameter
Value
𝛼
8.96 × 10−2
𝛽
3.12704 × 10−4
𝛾
2.1899 × 10−3
𝜏
6.49 × 10−4
𝛿
1.76 × 10−2
𝜗
4.4 × 10−3
𝜌
2.47 × 10−4
𝜎
6.7 × 10−2
𝜑
6.55 × 10−3
𝜔
1.5 × 10−4

= 𝑥 𝑡 ,𝑦 𝑡 ,𝑧 𝑡 ≥ 0 .

The structure and dynamics of the proposed model is consistent
with the literature regarding behavior of its solutions. Therefore, it
is expected that the ODE system will become a support tool for
standardization of fermented milk production as well as the
behavior prediction of variables (UFC, pH, aL) will ensure the
quality of fermented milk products.
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